We consider universal statistical properties of systems that are characterized by phase states with macroscopic degeneracy of the ground state. A possible topological order in such systems is described by non-linear discrete equations. We focus on the discrete equations which take place in the case of generalized exclusion principle statistics. We show that their exact solutions are quantum dimensions of the irreducible representations of certain quantum group. These solutions provide an example of the point where the generalized exclusion principle statistics and braid statistics meet each other. We propose a procedure to construct the quantum dimer models by means of projection of the knotted eld congurations that involved braiding features of one-dimensional topology.
I.
INTRODUCTION
The universal behaviour of low-dimensional strongly correlated systems at low temperatures is determined to a great extent by the topology of the manifolds, where the ground state and low-lying excitations are determined. In strongly correlated electron liquids with high degree of degeneracy of the ground state such a manifold is presented by a collection of strings in the form of an arbitrary tangle of knotted and linked laments. The processes of fusion and decay of the strings give rise to modications of the tangle and, consequently, to the universal character of the quantum criticality in phase states with topological order.
Being a result of detailed study of electron liquids in the states with fractional Hall eect, because it leads to the conclusion that there exist particles with a fractional charge and spin.
In the long-wavelength limit the description of non-Abelian anyons is based on the eective action of the topological eld theory 6 , which contains the Chern-Simons term. An important particular case is the quantum group SU (N ) k case, where the integer k is the coecient of the Chern-Simons action, or a level in the Wess-Zumino-Witten-Novikov theory.
We can also employ another approach 7 , based on the generalized exclusion principle.
Studies of the distribution function using this approach 8, 9, 10, 11, 12, 13 have shown that this method is equivalent to the thermodynamic Bethe ansatz 14 . The equation, which determines the minimum of free energy, has the form of the Hirota equation 15 . It is well known from the theory of nonlinear equations, that this discrete equation in the continuous limit 16 yields the known integrable hierarchies of nonlinear equations. An important feature of the derivation of discrete equations in the theory with the generalized exclusion principle is the absence of any reference to the dimensionality of the space, unlike braid statistics. Formally generalized exclusion principle statistics 7 may take place not only in low-dimensional systems. The reason of the emergence of the solutions, which exist only in low-dimensional systems, is that in the limit of large values of momentum, discrete equations in the universal sector 17 of exclusion statistics encode actually the particle fusion rules, which take place in the conformal eld theory. Going over to the limit k 1 in discrete equations of motion, the specity of low-dimensional situation vanishes.
The features of considered statistics are summed up by the theory of tensor categories 18, 19 .
It unies consistently the processes of braiding and fusion of string manifolds, which are images of quasiparticle world lines. In the case of low-dimensional systems this occurs in the theory of modular tensor categories 18, 19 . The theory of symmetric tensor categories 18, 20, 21 is applicable to the (3 + 1)D systems. In the last case, restrictions on solutions of equations of motion are so strong, that all anyon states are excluded, and only bosons (α = 2π) and fermions (α = π) with the interchange phase α remain out of anyon states.
To solve the problems of the theory of strongly correlated systems on a lattice, it is often convenient to use the theory of the braid group representation or the TemperleyLieb algebra (TLA) representations 22 with a special value of the TLA parameter. In the continuous limit, we can also employ the eective Chern-Simons action 23, 24 . In particular, to classify the hierarchy of phase states with the aid of (3 + 0)-dimensional spinor GinzburgLandau functional 25 , it is convenient to use the Hopf invariant 26, 27, 28 , which is the This means on the whole that a small loop with the scale of the order of the lattice constant induces a dimerized conguration of currents when it is projected on the plane. Such a projected loop, or equivalently the dimer conguration, can be a building block for the formation of self-organized mesoscale structures in the form of nets. The increased interest to quantum dimer distributions 24, 29, 30 is connected not only with the theory of resonance valence bonds or with the support originating from the experience of the exact solvable models 31 , but it is also motivated by recent results 2, 32 in the eld of non-Abelian gauge theory.
The goal of this paper is two-fold. In the second section we will discuss the opportunities, which appear due to mapping essential congurations of the (3+0)-dimensional spinor Ginzburg-Landau model into lattice (2 + 1)D dimer congurations. We will show that twodimensional dimer eld congurations, distributed on two sub-lattices, may be obtained by projecting three-dimensional current congurations of the so-called toroid phase state. In the third section we will consider the solutions of nonlinear discrete equations of the thermodynamic Bethe ansatz and will show their relation with the characteristics arising in the approach, based on the use of braid statistics. They are characterised by the quantum dimension, which is obtained as the solution of the mentioned discrete equations. We will give also some arguments in favor of stability of arising mappings of string nets, built of golden chains 33 .
II. DIMER CONFIGURATIONS OF VORTEX PAIRS
In this section we show how to construct dimer distributions starting from Hopf links.
Indeed, knots and links of eld congurations appear naturally in the long-wavelength description of (3+0)D systems with spin as follows. Let us consider a gauged Ginzburg-Landau model for the charged two-components order parameter Φ = (φ 1 , φ 2 ) T given by the free energy functional
with a generic form of the potential V (φ 1 , φ 2 ) 28 and interacting with an internal vector gauge
The components of the order parameter can be interpreted as the hopping and pairing amplitudes, respectively, in a t − J model 34 . The relations between these amplitudes can be reshaped in terms of the function ρ and a real unit 3-vector n dened by
where σ a , a = 1, 2, 3 are the Pauli matrices. A residual phase-like degree of freedom is encoded into a momentum contribution to the eective gauge eld
Thus, one can map the model (1) into the extended version of the O(3) nonlinear σ model 25
where, in dimensionless variables, the eld strength
Taking into account only homogeneous density states (i.e. ρ = const) free energy is bounded from below by the inequality 27
given in terms of the entries of the symmetric matrix
Taking the boundary condition n(∞) → (0, 0, 1), one compacties R
and Q is the degree of the mapping n :
. That is, Q measures the linking and knotting of the laments, which are pre-images in S 3 of an arbitrary chosen value n(x, y, z) = n 0 ∈ S 2 .
General arguments of the homotopic group theory 35 ensure that π 3 (S 2 ) = Z , i.e. Q ∈ Z, labelling distinct sectors among all congurations of the eld n. For two linked loops one has Q = 1, for the trefoil knot Q = 6 and etc. On the other hand, L is the mutual linking number 35 of the elds c and a. The integer Q is related 28 to the coecient k in the ChernSimons action. For instance, the value Q = 1 for the Hopf link of two loops is equivalent to
But, dierently from n, the length of the vector c is not xed and it does not belong to a compact manifold, thus homotopy group techniques say that L ( and Q ) in (6) In the optimum case of great values c the self-dual state with F n = F c may be considered as the ground state with F min = 0. It is characterized by the dense packing of laments in knots 36 and by the condition a − c = A = 0 when the matrix
Indeed, let us assume that the amplitude of density ρ
is large enough and a knot size R is so small that the packing degree of laments in the knot
The correlation lenght ξ having the order of the lattice constant is determined the lament thickness. The decrease of our tuning parameter α with the decrease of ρ 2 is accompanied by the transition to a state, in which among planar eld projections the eld congurations in the form of closed one-dimensional distributions are most preferable. In accordance with
Ginzburg's proposal, we will call this phase state with the spontaneous diamagnetism a toroid state 37, 38 . 
Using this equation and the identity
one can express the toroid moment via the degree of chirality n · [∂ k n × ∂ l n] in the form:
We see that toroid moment T is given by the Biot-Savart law as well as by the factor which is determined by the Coulomb Green function and by the eld strenth H ik of the Hopf invariant density. The vector T characterizes the distribution of the poloidal component of the current on the torus 38 . The magnetic ux of this current is conned to the interior of the torus. If the degree n · [∂ k n × ∂ i n] = ε ki δ(r) of the n-eld noncollinearity is localized at a point the toroid moment has the form T i (r) = (8π) −1 ε ki x k /r. The toroid moment is perpendicular to the plane, where the central loop of the torus is situated, and belongs to the perpendicular plane that intersects this loop.
The signicant constraint of the scale of toroid conguration appears from the analysis of stability of such eld distributions. As it has been shown in Ref. 40 , that these congurations are stable with respect to s-wave perturbations if the characteristic scale of linked distribution is small enough, i.e. it is of the order of several lattice constants. Therefore, to describe topological states we have to use a lattice theory. Besides, in addition, the main contributions of eld congurations correspond usually to small values of topological numbers Q, L. Keeping all this in mind we can conclude that the Hopf links of loop pairs (see Fig. 1 ), that after being projected on the plane, provide dimer distributions of vortex pairs which are the the most signicant congurations. To deal with states without the time inversion symmetry breaking, we should take into consideration totally neutral dimer congurations with antitoroidal ordering of the toroid moments. 
III. DISCRETE EQUATIONS OF EXCLUSION STATISTICS
Let us consider a system, which contains a set, {N a } of particles with types a. The collective index a = (α, i) contains the index α for denoting internal degrees of freedom and index i enumerates rapidities of particles. If we x the variables of all particles, except the a-th one, the N -particle wave function can be expressed via the one-particle function of the a-th particle. Let D a be the dimension of such a basis. Then the rate of changing the number of vacant states due to adding N b particles determines 7 the matrix g ab of statistical interaction in the following way
Assuming that the matrix g ab does not depend on the set of numbers {N a }, we have the solution of the Eq. (11):
The Eq. (12) 
In the cases g ab = 0 and g ab = δ ab the Eq. (13) yields well-known statistical weights of Bose and Fermi particles.
The statistical weight W allows to nd the entropy S = ln W and thermodynamical functions. The free energy in the equilibrium state
is determined by the function w a , which can be found from the equation
The variable w a can be expressed via so-called pseudo- We consider the solution of the equation (15) (16) which is typical for the thermodynamic Bethe ansatz. Here N ab = g ab − δ ab . Below we will be interested in the case of ideal statistics 9, 12, 17 , when phases of the scattering matrix, being functions of rapidities, have the structure of step functions. In this case the integral equation (16) 
Here index a is connected with the value of the spin j by the relation a = 2j, and the upper limit of the product xes the Jones-Wenzl projector 22, 23 . We will show in Appendix that the Eq. (17) is presented in fact the special limit of the Hirota equation 45 .
The distribution function
= 1 e a/T + 1 (18) in our case coincides with the probability p(aā → 0) 46 of annihilation of a particle-antiparticle pair in the system of two linked loops of world lines which describe the process of annihilation of two pairs.
We can nd the solution of the Eq. (17) taking into account the appropriate boundary conditions by comparing it with the identity
is the deformation parameter of the SU (2) k 
The greatest eigen value x 0,k of the incidence matrix G is given by the Baraha numbers
In particular for the special value k = 3, we have the golden ratio d = (1 + Another way corresponds to the use of the Fischer lattice 55 . The checkerboard distribution of linked dimer degrees of freedom with defects in the order of eective uxes (Fig. 2 ) may be one of the possible ways to solve the problem.
The realistic candidate for the Hamiltonian with such a type of the ground state is the Hamiltonian H i which contains the Temperley-Lieb generators e i in the form of the projectors In summary, we found the quantum dimensions as exact solutions of discrete equations encoding brading and fusion processes. By means of projection of knotted eld congurations we proposed the quantum dimer models which incorporated braiding properties of onedimensional topology.
